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A mathematical model is presented which describes the changes in
affective and effective interaction in theoretically closed human groups. Its
assumptions lie mainly in the field of cognitive dissonance. The temporal
behavior and steady-state structure of many examples of closed groups are
given, and it is shown that a' basic unit for their description is the
“snowball,” which is a maximal,” strongly connected set (on effective
communication). If the maximum eigenvalue of a certain matrix is less than
or equal to unity, the steady snowball is completely connected on effect
and mutually positive affect. The relation of the model’s predictions with
the concepts of balance, clustering, transitivity, and positive balance is given,
together with a comparison with Hunter’s (1974) model. The stability of
the solutions is discussed, together with a brief section on the comparison
of models with reality. The main results of the model are: (1) All
communication to a person may cease without his feelings toward others
becoming neutral. (2) As time tends to infinity, the model achieves a steady
state for all groups. (3) The steady state is quantitatively unstable but
(mainly) qualitatively stable. (4) The final state of many groups, especially
those with much disagreement, is no communication. (5) A new basic unit,
called the snowball, emerges; it resembles a clique, or subgroup. (6) There
are three types of snowball: subcritical, critical, and supercritical, the first
two of which are connected by all-positive, mutual feelings; supercritical
snowballs contain negative feelings and agree about no member of the
group. (7) A balanced group stays balanced. (8) In a critical snowball, of all
the suggested modes of group structure, only positive balance holds for
relations involving people outside the snowball.

I. INTRODUCTION

This paper presents a mathematical model of change in affective and
effective interaction in theoretically closed human groups. The model is based
upon a series of assumptions and hypotheses; these are spelled out first in
(what we believe to be) common-sense fashion and then reduced to formal
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expressions. The expressions yield a model which takes either simulated or
real data on how people feel about one another and about how they interact
in an undisturbed group at some time, say, zero. Then the model predicts how
all these people will feel and act towards one another at some future time.

In general, the purpose of models is to yield insight rather than to
simply illustrate in a convenient fashion what is already known. A classic
example is that of Stommel (1948) who modeled a closed ocean basin; the
model yielded a strong narrow current on the western side of the ocean which
turned out to be the Gulf Stream. Admittedly, predicting and finding a
phenomenon of such magnitude is not always possible, but it is worth
shooting for.

Some progress in modeling of human sentiments, attitudes, and behavior
has been made; and much of the material up to 1966 has been reviewed by
Abelson (1967). We have elsewhere reviewed the extant models of social
networks through 1974 (Bernard and Killworth, 1976). One difficulty with
nearly all behavioral models to date is that they are stochastic, even if they
are dynamic; but this is to be expected. The data on which models are
generated are snapshots of attitudes, sentiments, communication, or whatever.
It is thus logically to be assumed: (a) that the conditions seen at ¢t = x will
directly affect those found at ¢ = x + g; and (b) that the conditions seen at ¢ =
x + g can, if duplicated enough, be stated in probabilistic fashion. This does
not tell us much about the processes involved in achieving the conditions at
t = x + g. If, in a sociometric configuration, we see that there is a tendency
towards balance, positive balance, or clustering over time, then ideally we
would like to know “the path to balance” as Hunter has phrased it (1974). So
far, with the exception of Hunter's work, no model has attempted this.2
Instead, indices of balance have been proposed (see Harary, 1959; Norman
and Roberts, 1972).

Three other problems are encountered in modeling of behavioral and
attitudinal phenomena: (a) Complex human systems are not easily reduced to
a small number of variables; (b) The variables exhibit consistent resistance
with respect to quantification; (¢) Input assumptions for models of human
behavior are unreliable, because they have to be generated from common
sense rather than laws.

Oceanographers (like Stommel) can simplify their work by assuming
oceans with flat bottoms and square sides. They can also rely on certain
physics which guarantee that fluids will act predictably under specified condi-
tions. By contrast, we have no physics to counterbalance our absurd assump-
tions. Thus, the purpose of our current work is to generate hypotheses and
theorems which can be analytically proved but which require empirical testing.

First of all, we have assumed the existence of closed human groups free

2A similar but less detailed model by Hubbel et al. (1975) has recently appeared.
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from influences on their behavior, save what the members of the group feed
each other. We do not know of any such groups.

We have also assumed that all members of the group are equally
persuasive of their points of view; no one is automatically listened to because
he is hierarchically powerful or because he has a powerful personality. On the
other hand, we have assumed that not all people are equally sensitive to other
people’s persuasion. Some people are more easily swayed from their positions
by what they perceive the rest of the group feels on some subject.

This all boils down to a model with three inputs. There is a set of
people each of whom: (a) feels positively, negatively, or neutrally towards all
other members of the group, including himself; (b) does or does not interact
with every other member of the group; and (c) has a sensitivity factor towards
how all the others in the group feel towards and interact with any individual
in the group.

These factors will be introduced again in Section 2. As far as we are
aware, Hunter’s paper on Dynamic Sociometry (1974) is the only other truly
dynamic model of group relations extant. Although we have benefitted greatly
from Hunter’s work, our model differs from his principally because we do not
require continuous rescaling of the interaction matrices in order to prevent
sentiment from blowing up; i.e., growing exponentially. Furthermore, while
Hunter’s model assumes people in a group talk to each other only about each
other, ours does not.

Many models, quite legitimately, do not attempt to put forward any
physics. For example, Sorenson and Hallinan (1974) have presented a
stochastic model for change in group structure. They cunningly propose a
Markov process to analyze change in triads and other elements of group
structure because ‘““transition rates are dependent on current states and not on
past history” (p. 23). Sorensen and Hallinan were able to make certain
predictions concerning change in triads as a continuous time process. For

example, they were able to predict that the triad 2-0-1 L‘L . would be unstable

and would progress towards 3-0-0 7%, on the assumption that triad 2-0-1 is
intransitive and that such triads tend towards transitivity. They predict “either
a change in the null relationship or.in the mutual relationship in triad 2-0-1,
but (we) cannot predict which single pair is going to change.”

Clearly, such a model cannot accurately predict changes in relations for
pairs, tetrads, etc., even assuming a pressure towards transitivity. In another
paper, Hallinan and McFarland (1974), realizing this, examined changes in
transitivity of triads insofar as this affected other triads. This process involved
the examination of tetrads. They were able to show that some intransitivity is
all but irreducible if only one dyadic relation can be changed at a time.

Both these papers make the intrinsic assumption that there is a pressure
towards transitivity and that individuals can feel it. Is it obvious that if A
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knows he likes B, and that B likes C, that A must feel he should like C? What
if A likes D, and D dislikes C, also? Indeed, a paper by one of us (Killworth,
1974) suggests that some intransitivity is a necessity in a healthy group.

Another nonmodeling approach has been taken by Holland and Lein-
hardt. They take the view, in a series of papers since 1970, that since there
must be a great deal of measurement error in any sociogram (a point also
dealt with by Hallinan, 1972 and Killworth, 1974), a statistical approach will
filter out much of the noise and may reveal a signal beneath. They utilize an
extremely convenient triad census, which has already revealed significant
amounts of transitivity and positive balance (Holland and Leinhardt, 1975, for
example). This approach, of course, conceals any structure larger than a triad,
but remains very valuable for the systematic testing of any structural
hypothesis which can be cast into triadic form.

An attempt to model group interaction was made by Rainio (1966) who
intrepidly tested his stochastic device against sociometric data taken over a
period of time. The lack of fit of the model’s prediction to data raised two
very important issues: the time problem, and the realism of sociometric data.
Rainio’s model was unable to cope with the time problem; it was impossible
to determine if the poorness of fit between the prediction and the data
resulted from the model’s not churning long enough. Since our model achieves
continuous progress towards steady-state solutions for the expressions of
interaction over time, we believe we may have resolved this particular
problem.

On the issue of realism in sociometric data, it is impossible to tell
whether Rainio’s device was wrong or whether the data were at fault for the
poorness of fit. It seems ungracious to question data, when questioning of
theory is clearly required.> But Rainio’s data were affective sociometric
interactions, and we have shown elsewhere (Bernard and Killworth, 1973,
1975b; Killworth and Bernard, 1974) that the affective bias of sociometry
influences the predictions possible from models based on the techniques in
that field. This has led us to develop a device with both affective and effective
input, where the outcome of pair relationships depends in part on some
interaction effect between the two forms of input.

At this time, we are still in the process of testing our model against
empirical data. We suspect that all dynamic models of group interaction (at
this state of our naiveté in such matters) are likely to meet with frustrating
results when tested against empirical data. At this point, however, we feel that
presentation of our model is worthwhile because it has already yielded
testable hypotheses and provable theorems concerning the nature of group
dynamics.

3Hallinan and McFarland (1974) even go as far as suggesting that some authors
alter their data to fit the theory, but unfortunately give no examples.
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In trying to reconcile the use of both affective and effective variables in
our model (which seemed to us to make good sense), we have been influenced
by two schools of thinking. The first, dissonance and balance theory, is
essentially cognitive in its orientation; the second, network theory, is essenti-
ally behaviorist.* (See especially Festinger, 1957, 1958, and 1964; Festinger
and Bramel, 1962; Festinger and Hutte, 1954; Festinger, Riechen, and
Schachter, 1956, for discussion of the properties of dissonance and the
consequences of group pressure and unstable relations in groups on individual
change of attitudes and behavior. See Bem, 1967, 1968 for a critique of
dissonance theory. See Heider, 1958 for the original formulation of balance
theory and Harary, 1959; Harary, Norman and Cartwright, 1965; and Davis,
1967 for discussion of problems of measurement in structural balance. Monge,
Kirste, and Edwards, 1974; Wickesberg, 1968; Melcher and Beller, 1967; and
Shaw, 1964, 1971 have pursued the promise of early experiments by Bavelas,
1948, 1950 and Leavitt, 1951 in looking at structural properties of networks
in general as an index of task-group effectiveness.) In spite of some new
insights generated by Burgess’ experimental work (1968), the emphasis is still
on effectiveness and performance of groups rather than on individuals. Adams
(1967) has attempted an integration of anthropological network theory with
interaction theory; the focus on individual networks, however, has been the
concern of field-working anthropologists (see especially Bott, 1971; Mitchell,
1969; Wolfe, 1970; Epstein, 1961, 1969; and Kapferer, 1969, 1973.) Barnes
(1969) and Neimeijer (1973) have tried to formalize some of the heuristics
gleaned from field study of networks. Our own work is an attempt to further
the formalization. Recent private communication with Clyde Mitchell indicates
that he, too, is pursuing a more formal approach to network analysis than in
the past.

From these traditions we have derived the following, modelable, assump-
tion: there exists a “‘primitive force” which drives people to act consistently
with their perception of how others in a group feel or act; or, alternatively, to
accept a certain amount of “dissonance” (i.e., noncongruence) between their
own attitudes and behaviors vs. their perception of the attitudes and behaviors
of others. We further assume that people have different tolerances for this
dissonance.

We should point out that our use of the term “dissonance” is not
strictly that used by classical dissonance theorists. When the problem of
noncongruence is stated in terms of triadic relations, a primitive force towards
balance seems to be in order. Even when the problem is stated in terms of
walks through a digraph, “balance” rather than “dissonance” seems to be

4Perhaps it was the lack of communication between disciplines, or the fact that
the first set of theories were developed in the U.S. while the second was primarily a
British phenomenon. We have been unable to locate any work over the past two decades
which explicitly related to both of these fundamental lines of inquiry.
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preferred. In our view, for the purposes of modeling network relations, the
force towards balance and the force towards reduction of dissonance (pre-
sumed to exist in the individual’s head) are the same. By the time one can
identify and measure dissonance in an individual, it is already there in fairly
large amounts so that our crude measurements can observe it. The feeling of
imbalance (regarding one or a few triads) is more difficult to isolate and
measure. But we assume that a dynamic model must begin at some time and
describe how things move through time. Thus we assume a force towards
balance as equivalent to a force towards consonance or congruence. The
measureable effect of dissonance we take as the product of imbalance.

Consider, then, a group of, say, five people. We wish to know if (a)
dissonance or structural imbalance is more or less likely to occur than in
larger social groups; (b) the manipulation of networks (getting people I know
to put pressure on people I think they know to achieve my ends) is greater in
small groups than in larger social groups. The rr/lodel presented in this paper
addresses these issues by producing time-series predictions on the basis of
simulated data. The propositions and mathematically provable theorems which
result from these simulations are then offered as empirically testable hypothe-
ses for field study. Of course, the fact that a theorem is mathematically
provable is no guarantee that it will hold in real life. For example, Abelson
and Bernstein’s (1963) epic computer model of attitude change defies all rules
of parsimony in modeling, and is consequently more likely a reflection of the
real world! We are all dependent on the validity of our input assumptions. We
hope that modeling and testing of resultant theorems will yield insight into
the nature of human interaction.

Finally, a word about the theorems in the text. With one exception—due
to its central importance—all proofs of theorems are omitted. This is to
improve the clarity of the paper for the nonmathematical reader. Mathemati-
cians may find this omission irksome; virtually all the proofs may be found in
Killworth and Bernard, 1975b.

II. THE EFFECTS OF DISSONANCE ON AFFECTIVE
AND EFFECTIVE RELATIONS

In order to set up a workable theory which purports to specify the
changes which take place within a closed, human group, a lengthy collection
of assumptions is necessary. Some of these are “setting-up” assumptions which
specify which variables are considered important for the theory; some assume
quantitative detail about the variables; and some are—hopefully plausible—
assumptions as to how these variables change with time.
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Assumption 1

There is such a thing as a “perfectly closed group” of N individuals.
This group is formed at some time ¢ = 0 in a manner in which this theory
does not attempt to specify. Relationships between these individuals are
formed initially before ¢ = 0.

Assumption 2

As time progresses, relations between individuals within the group
change only as a result of the relations themselves. In other words, there are
no external effects on the group. In particular, no one may enter or leave the
group.

These assumptions effectively serve as a definition of a closed group. It
is possible to think of many groups which appear a priori to be closed; for
example, a ship at sea, a cloister, a locked living unit in a prison, a polar
research station, etc. However, all of these satisfy assumption 1, but not
assumption 2. In each case, external or pseudoexternal effects modify the
internal structure. As we have noted elsewhere, a ship at sea has communica-
tions with land and an internal organization of command which fulfills the
policies of a land-based unit (Bernard and Killworth, 1974). The amount of
time anyone in such a system can spend interacting with anyone else is, to
some extent, specified by work schedules, chain of command, etc. Even
within structures with no apparent external influence (such as a high-altitude
mountaineering expedition), geographical and meteorological factors may
impose themselves on communications.

Theoretically, closed human groups do not, as far as we are aware,
occur. However, we chose to study the artificial concept of a closed group for
two reasons: (a) as a simplification of the problem and (b) because we do not
yet know how external effects can be included.

Assumption 3

There are two and only two phenomena which will be retained for this
model: affective and effective relations.

Assumption 4

Affective relations can be described by a single, unidimensional con-
tinuum variable X;; which measures how i feels about j. These variables form
what is commonly called the sociomatrix. It is not necessary that X need be
symmetric; i.e., in general, X;; # Xj;.
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The value of Xj; represents the intensity of i’s feelings towards j;
positive X;; represents positive feelings; negative X;; represents negative
feelings. X;; represents i’s feelings about himself. At various points in the
theory, there is a tacit assumption that |X;I<I; i.., that X;; = +1 corresponds
to pure love; X; = -1 to pure hatred.

Assumption 5

Effective relations are assumed to be dyadic and can be described by a
single, unidimensional continuum variable Y;; which measures the probability
that, at a given moment, i is talking to j. This can be interpreted, crudely, as
Y;; = (amount of time per waking day that 7 talks to 7)/(1 waking day).

Assumption 4 conceals many subassumptions about the nature of
affective relations. Trust, admiration, and respect are all aspects of affect, and
probably each has its own dimension; e.g., it is not necessary to like someone
one admires. However, for modeling purposes, these have all been submerged
into a single relation which we shall term for brevity “likes.” The fact that Xj;
is not necessarily symmetric represents the real possibility that i’s feelings
towards j are not reciprocated.

One may interpret X;; as follows:

X; >0 i likes j,
X;=0 i is neutral about j,
X; <0 i dislikes j.

Assumption 5 is equally stringent. From its definition, Y;; must be
symmetrical; i.e., the probability that i is talking to j must be the same as the
probability that j is talking to i. Further, Y;; lies between limits: 0 < Y;; < 1,
ie., it ranges between “no communication” (i.e., i never talks with j) to
“100% communication” (i.e., i spends all his waking day with j). Since
communication is assumed dyadic, then the Y;; are independent and exclusive,
and so

N
ZY;<1 Notation: Z Q;= 2 Q- O
i# j#i j=1

is the excluded sum of Q.

If E Y; <1, then i is not spending all his time talking to others, and
JFi

one could define the diagonal element, Y;; = 1 - X Yy, as the time i spends
i
“talking to himself”’; this interpretation is not relevant to the theory and will
not be used further. If X Y; = 1, then s time is “full up,” and every
i
moment of his waking day is spent, probabilistically, communicating with some
element of the group.
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The interpretation of Yj; as a fraction of a waking day is dangerous.
This implies that one might measure Y;; via unobtrusive observers. However,
Y;; is itself a function of time; and, hence, any extended attempt to measure
Y;; results in a blurred, average-over-time estimate only. It is unsatisfactory to
have a crucial variable which cannot accurately be measured within a theory,
but this has a tendency to occur when one observes the natural universe.

Assumption 6 (Perceived Dissonance)

Any change in affective or effective relationships is produced because an
individual perceives dissonance between his relationships and what he feels
those relationships should be. If he perceives his relationships to be in
consonance, no change will result.

Assumption 7 (Direction of Change)

Given perceived dissonance (p.d.), then i acts in such a way as to reduce
the p.d. as best he can. The larger the p.d., the more precipitate will be his
actions.

Assumption 8 (Type of Change)

Given p.d. in an affect/effect relation, i reduces the p.d. by changing
that relation if that is the best way to reduce the p.d. If an alteration in
effect/affect is more efficient, then he will choose that instead.

Assumption 9 (Resignation)

Given a certain amount of p.d., which i can perceive is impossible to
reduce by any means, he will learn to live with it.

Assumptions 6 to 8 are simplified statements of the concept of cognitive
dissonance (cf. Festinger, 1957, 1964, etc.). We have chosen to add Assump-
tion 9 since we feel that people do live with some dissonance; i.e., that the
world is not ideal. In support, note that Abelson and Rosenberg (1958) have
suggested that dissonance can be “reduced” if individuals stop thinking about
it. At this stage we have not specified how the dissonance is produced; merely
that it may exist. Assumption 8 is crucial: It assumes that individuals are
intelligent enough to choose the optimal way to reduce dissonance.

Assumption 10 (Veridicality, cf. Hunter, 1974)

While communicating with others, people tell only the truth, even to
themselves.



182 KILLWORTH AND BERNARD

This assumption was previously made by Hunter (1974) who noted that
the number of variables is neatly reduced: It is not necessary to retain as
separate entities what people feel about each other and what people say about
each other. In this theory, these are defined to be the same. Lying presents a
difficulty; we do not know how to model this, save as a random statistical
event. Since lying is so common, it is to be hoped that a method will
eventually be found to include it. (See Hunter, 1975, for the first attempt to
handle lying). Similarly, it removes the possibility that dissonance can be
lessened by lying to oneself; it does not disallow reducing dissonance by
reinterpreting what people say.

Assumption 11 (Convenience)

Within the confines of Assumption 10, people will only relate items of
information they have heard about other people if such information agrees
with their own sentiments. Otherwise, they act as information sinks.

This is really a corollary to Assumption 10, but will provide a
simplification when the model is constructed in detail. It merely assumes that,
while telling the truth, people are selective about passing on information. It
does not say that information received by i about j will not tend to change
his opinion of j; merely that he will only pass it on if it suits him.

Assumption 12

There are five kinds of perceived dissonances:

(a) i likes j more or less than he perceives the group does.

(b) i talks to j more or less than he perceives he should.

(c) i wants to talk to j more than j wants to talk to i.

(d) i wants to talk to people more but he does not have the time (i.e.,
' E Y;i = 1, or the desired Y;; sum to more than 1).
Fial

(e) i perceives that, despite his actions, his perceived dissonances in (a)
to (d) still exist.

Corollary: In these five cases, i’s actions are:

(a) i changes his feelings about j to reduce the dissonance.

(b) i changes the amount of time he talks to j to reduce the dissonance.

(c) dealt with in section 3: basically, j’s desires win, and 7 lives with
dissonance.

(d) in the first case, i must live with the dissonance. In the second case,
i has “mismanaged” his desires. This certainly will eventually cause dissonance,
but the level varies from person to person. A hypothesis as to how this is
handled is given in Section 3. Effectively, it can never occur.

(e) i has no choice but to redefine his dissonances. See Section 3.
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This assumption is the key to a dynamic theory. It represents a selected
subset of possible dissonance-producing mechanisms. One may easily construct
a long list of other mechanisms which carry the seeds of p.d.; for example,
pride, envy, fear, anger, and other deadly sins have ail been neglected or
subsumed in one generalized affective relation (Xjj); i may like j, but j may
dislike i, etc. However, the five mechanisms proposed in Assumption 12 were
chosen for two reasons: (a) they are readily isolated as directly producing
dissonance and (b) it was also plausible that actions would be taken to correct
the dissonance in the manner specified.

Assumption 12 represents a vital difference between this work and that
of Hunter (1974). In that article, group perception of person j acted to
change #’s feelings, except in the rare case that the group perception balanced
out to zero. A result of this was that no true steady state was possible
without a continuous rescaling of variables. In the current model, however,
change only occurs when there is dissonance. If I like you and I perceive that
the group feels the same way about you, then my feelings are merely
reinforced; there is consonance and no change in my feelings towards you. In
other words, whether my feelings towards you change or not depends not
only on the group perception of you, as Hunter assumed, but also on how
that compares with how I feel about you.

This concludes the qualitative assumptions necessary for the theory. The
next section aims at quantifying these and related assumptions.

III. A QUANTITATIVE MODEL OF CHANGES IN
AFFECT AND EFFECT

We shall now proceed to develop the simplest model of change in a
social system which fits Assumptions 1 to 12. In so doing, it will be necessary
to introduce other, quantified assumptions. To draw a distinction between
these and the previous assumptions, those in this section will be labeled
hypotheses. They relate to how the model states that processes occur, whereas
the previous assumptions merely stated that processes exist.

Let us begin by considering dissonance in Xj; if input from #’s network
to i about j differs from i’s feelings about j. How does i receive such input?
This can best be understood by reference to Fig. 1, which involves three
people: ¢, b, and i. Throughout, ¢ does not talk to i at all (Y,; = 0). In cases
(a) and (b), ¢ releases a piece of information about j into his network. This
information is true (Assumpt. 10) and reflects his feelings about j (Assumpt.
11). It cannot pass directly to 7, as Y,; = O. Instead, it passes to b. Suppose
that b disagrees with this information (case (a)). Then (Assumpt. 11) he will
suppress it and will not pass it on to i. The result is that i did not receive this
piece of information. Note that this is directly equivalent—as far as i is
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situation i's equivalent point
of view
(a) G @ @
J information N mptujt
® ®
(b) e @ @

Pl
jinformation fout
inpu
Q g . about j

Fig. 1. Equivalent communications from i’s point of view. In both (a) and (b), ¢
does not talk to i In (a), ¢ releases information about j which gets to b, who disagrees
and suppresses it. This is equivalent, from ’s point of view, to receiving no input about J.
In (b) person b agrees with the information and passes it on to i. This is equivalent (for i)
to simply receiving input directly from b. In neither case is ¢ relevant to the quality of
information received from i’s network.

concerned—to getting no information of that kind from b; ¢ is quite
irrelevant.

Similarly, suppose now that b agrees with the content of ¢’s information
(case (b)). Then he releases it (Assumpt. 11) to i. The result is that i receives
information which reflected b’s feelings. Again, as far as i is concerned, ¢ is
irrelevant.

In other words, as far as input from a group is concerned, we can limit
attention solely to those people who talk to i. Information about j does pass
through a network, but input to i only reflects the feelings of those who talk
to i. Let us consider input from a person k (who is distinct from i and 1))
about j.

Hypothesis 1

Input from k about j is positive if:

Xix and X,; are either both positive or both negative (i.e., positive input
from a friend or negative input from an enemy) and is negative if

Xix is positive and Xj; is negative (negative input from a friend) or

Xii is negative and Xy;j is positive (positive input from an enemy).

Also, this input increases as |X;| or | Xl increases, and is neutral if X,
or Xy; are zero.

This hypothesis is frequent in the literature (e.g., Heider, 1958; Hunter,
1974). The product X;; Xy satisfies the requirements of Hyp. 1 exactly. It is
also the simplest expression which satisfies the above, which is why it has
been chosen. Throughout this paper we shall use the simplest expression;

+
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nowhere do we assume that these expressions are “correct.” Hunter (1974)
has discussed the reasoning behind this choice, and the arguments need not be
repeated here. However, we are choosing to neglect the other three possible
products (X Xjk, Xii Xkj» Xii Xjx), which Hunter retained. The first of
these enters the theory later in a rather different form. All three could be
added to the theory if desired.

Hypothesis 2

Input from k about j depends on the probability that i talks to k. Input
is more likely, the more i talks to k. In other words, Y itself is the required
probability.

Hypothesis 3

Given that i and k are talking, input from k about j depends on the
probability that k talks to i about j. Thus, the total probability is

P;xj = Prob (k talks to i about j) = Prob (k talks to i about jlk talks to i)
Prob (k talks to i) )

[Notation: Prob (¢|b) is the probability that event a occurs, given that]
event b occurs.

Hypothesis 4

The probability that k talks to i about j (given that Y;; # 0) depends on
the degree of agreement between k and i about j. If there is considerable
disagreement between them (i loves j; k hates j, for example), then they will
tend to avoid the subject. The probability is a maximum when there is
complete agreement. The probability also increases with the magnitude of the
feelings expressed, subject to the above criteria.

Hypothesis 4 obviously stems from ideas expressed by Festinger (1954,
p. 120) and plainly owes much, in general, to the notions of balance as
expressed by Heider (1946) and by Davis (1967). However, at this stage in the
theory, we are assuming only that people will avoid discussing mutually
incompatible subjects, not that the feelings themselves will be in balance. It
will turn out that there is a tendency toward balance within the theory,
however.

In a similar fashion to the way X;x Xi; was chosen as the input from &
about j, we now choose an expression for the conditional probability of such
input. Consider, first, the expression

Exj = X5 Xijl + 1 - 1X5 - Xyl ?)
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This expression satisfies the following, for IX,-]-I< 1:

(a) 0< Eikj <2

(b) Eiki =0 le,] =1, ij <O0or Xi/’ =-1, in > 0;

(C) Eiki =2 only if X,'j = Xk]' =lor-1;

(d) For a given Xjj, Ey; is a maximum when Xz; = X;; (concord) and
decreases monotonically as |Xg; - Xj;| increases;

(e) For a given Xj;, Ey; is a2 minimum (0) if |Xg;| = 1 and Xi; has the
opposite sign from X;;.

It is clear that Ej; can be considered as proportional to the probability
of i and k talking about j. It satisfies all the requirements of Hyp. 3; namely:

(a) it is bounded and positive (i.e., it is potentially a candidate for a
probability);

(b) if i loves j, and k has any measure of dislike for j, they will not
discuss him. Similarly, if i hates j, and k has any measure of liking for j, they
will not discuss him;

(c) a jointly loathed or loved person is most likely to be discussed;

(d) if i has some feeling for j, then j will most likely be discussed if k
agrees with i. The probability falls off monotonically as k’s feelings differ
more and more strongly from #’s;

(e) if i has some feeling for j, then j will not be discussed only if k
disagrees with him most strongly.

It is worth reiterating that we cannot “know” if this is the “correct”
expression; we choose Ejy; purely because it is the simplest such expression
which satisfies our (basically intuitive) requirements in Hyp. 3. Of course, it
still contains many flaws. For example, if we putj = k (i talks to k about k),
then if i likes k but k loathes himself, the subject will not be mentioned
according to Ejxj. Our intuition tells us that i will try hard to talk to k to
bolster his feelings. We shall, for modeling purposes, ignore these and other
shortcomings.

Eyj is not yet a probability. If we assume that i and k cannot be
talking about two people simultaneously, then the sums over all j of Prob (i
talks to k about jli talks to k) must be less than or equal to 1. For reasons
which will appear later, it is quite possible that E;; could usually satisfy this
requirement, but in general this is not so. In fact, we do not know how much
time of the total communication time people spend talking about people in
general and how much discussing innocuous subjects such as the weather.’
Lacking such knowledge we shall choose to code Prob (i talks to k about jli talks

N

to k) = Ey;/(2N) (since '21 Ejj < 2N). This means, for example, that if / and
l:

Sof course, people talk about other things, such as a political crisis; but these are

emotiondaden subjects which convey petsonal information, and this would be included in
Eixi and Ey;.
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k both love j that they can only spend 1/N of their talking time discussing j
and less talking about others. In the case of a small isolated clique, this is
unlikely to be the case.

We reiterate that this probability may or may not (the latter being more
likely!) be correct. However, as a ratio of times spent talking about various
people, it suits our purpose admirably. We shall see below that the possibly
incorrect denominator can be absorbed into another symbol yet to be
introduced.

Hence, the total probability that i talks to k about j is given by (1) and
is

Piki = Prob (i talks to k about ]) = Ez—llkvj' * Yik' (3)

Eq. (3) is qualitatively correct: If i does not talk to k (Y = 0) or if{ and k
are in violent disagreement about j(Ejx; = 0), then Prob (i talks to k about
j)=0. Conversely, if i talks all and only to k¥ (¥Y; = 1) and { and k both
love/hate j (Ej; = 2), then Prob (i talks to k about j) = 1/N, which is the
maximum possible value. Compare this with the assumption used by Hunter
(1974) to simplify his more general theory, when all such probabilities (there
treated as times of talking) were set identical.

Various simplifications of the above are possible. If Py; is set to a
constant value, then Hunter’s (1974) assumptions on communication and
content are being made: Everyone talks to everyone an equal amount of time
about everyone. If Py; is set simply to Yy, then we assume that the amounts
of communication are specified between any two individuals, but that the
content is all-encompassing. However, it seems more general to specify the
amounts of communication about any individual, if this can be done in a
plausible fashion (cf. Hunter’s Cy; defined in the appendix to his paper). It is
conceptually possible to include Ej; without the Yy factor, but this does not
appear very realistic. The results of the model depend strongly on the
inclusion of Yy, but only very weakly on the inclusion of Ej;.

It should also be remarked that if Py; is set to a constant, then the
main interaction of effect on affect is removed. In other words, with one
exception (Hyp. 9 below), effective communication could be neglected
entirely and only affect studied. This is admittedly a great simplification, but
goes too far; the results of the theory become unrealistic.

How does i interpret input about j? Of course, we do not know
precisely. We shall model it here in a very simple fashion:

Hypothesis 5

i’s interpretation of his input from & about j is that & is “telling him
about ;7 to a degree which is proportional to the size of the input he receives.
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In other words, the input i perceives he gets from & about j (assuming
that i talks to k about j; ie., Py; > 0) is: S; Xy Xij = g, the input from &
to i about j, where S; is s sensitivity factor. If i has a high sensitivity factor,
he is easily swayed by what people tell him and places great reliance on
others. If i has a low sensitivity factor, he is unable to interpret other people’s
feelings as being other than neutral. §; is allowed theoretically to vary from
person to person and (see below) also, as a function of time, as i reinterprets
his input from others.

Clearly, i can get input from any k& with whom he talks. One of these k
may, in fact, be j, a possibility excluded so far. Normally, j will like himself
(X;; > 0), but possibly this is not so. What effect does talking with j have on
X;;? Clearly, this input is of another, unconsidered form. For example, if
likes j (X;; > 0) and j dislikes himself (Xj; < 0), then it does not seem
plausible to say that i’s input about j from j is negative (X;; X;; < 0), since by
definition i likes j. We are aware that Xj; does affect Xj;, especially during the
unconsidered setting-up period before ¢ = 0. During this time, Xj; is affected
both by Xj; and by his input from others (Homans, 1950, p. 298 onwards).
However, we were unable to construct a formulation which included ;s input
about himself to 7 as a continuing process which did not contain unpleasant
theorems.6 Hence, we make Hypothesis 6.

Hypothesis 6

For t > 0, i’s feelings about j change only as a result of input from
third parties.

Corollary. Since we assume: (a) that i’s feelings about j were established
before ¢ = 0 and (b) that /s feelings about himself do not change i’s feelings
towards j, then i’s feelings towards j cannot change in a two-person group.

We can now partly quantify Assumpt. 12a in Section II; namely: If i likes
j more or less than he perceives he should, there is dissonance; and he changes
his affect for j to reduce that dissonance. Suppose in a time interval ¢, < ¢ <
t, + At, i talks to k about j, then the dissonance i perceives is precisely
S; Xix Xij — Xij = Dy;. This dissonance is positive if i perceives that k’s input
is more positive than his own feelings; it is zero (consonance) if i perceives
that &’s input agrees with #’s feelings; and it is negative if i perceives that k’s
input is less than his own feelings. This expression, then, already contains the
sign of the change in Xj; (Assumpts. 6 and 7) and the magnitude (Assumpt. 7:
the worse the dissonance, the larger the change in X;;). Note that the
expression for Dy; implies that the units used to measure S are the reciprocal
of those used to measure X—whatever they are.

We now make a mathematically trivial, but important step. In the time

6We note with chagrin that the same problem affects others; e.g., Davis, 1966, p.
82.
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interval A¢, i may talk to several people about j, one after the other. With
each one, he perceives dissonance (N.B., consonance is a special case of
dissonance). The dissonance he actually perceives in total is thus an average of
the individual dissonances, weighted by the times he spent in receiving them.
However, we are viewing communication not as a discrete series of conversa-
tions, but as a set of probabilities Y is of individual contact (Assumpt. 5). In
other words, what is needed is a probabilistic weighting of the i-k- dissonance
by Pikj; ie.,

X,-,- « expected value of thep.d. = 3 P (S; Xy Xj = Xi)-

k#i,j
. . o _dB
[Notatlon. B —5] .

This says that X;; increases if the p.d. is positive and decreases if it is negative
at a rate proportional to the p.d. This expression bears conceptual similarity
to one proposal for attitude changes by Anderson (1964) and, earlier
Anderson and Hovland (1957). Although not expressed in terms of dis-
sonance, per se, the thinking behind the two models is similar. The sum in the
above equation does not include i (because i gets no input from himself!) and
j (since we do not know how to formulate this input—Hyp. 6). Using Eq. (3),
we can rewrite the above as
A,ij « kii,i Yik %H(S, X,‘k ij - Xl])

The above definition contains many unformulated assumptions. For
example, if i receives no input (Py; = 0) about j, then his feelings about j
remain constant; ie., there is no dissonance. Intuitively, however, one feels
that no input contains negative connotations about j (and probably i as well!)
and that Xj; should become more negative. These and other possibilities are
not currently included in the model.

All that is now required is a proportionality constant above. Some
people are more obtuse or conservative about changing their opinions than
others, which reflects a slower or faster rate of change of X;; through time.
This is immediately modeled by an obtuseness factor O; in the proportionality.
(In fact, such a constant allows for the awkward person who delights in being
perverse and doing the opposite of what he knows he should; he increases
dissonance for the fun of it. One merely allows his obtuseness factor to be
negative.) For our simple model, we shall assume all the O;s to be equal (and
positive) and absorb the troublesome 2NV denominator into the definition of
0;. We then redefine the time variable to absorb the O;. In other words, t' =
O; t, and henceforth drop the prime on f. However, we cannot redefine ¢
again later to absorb other constants.

Combining all these elements, then, gives the expression for the rate of
change of Xj;:




190 KILLWORTH AND BERNARD

Xy = (0] kzi ; Yik Eirj (Si Xure Xuj = Xij)- 4)

A simplified form of Eq. (4), which will be referred to later, neglecting the
contact assumptions is
Xii= 2 (Si Xk Xij - Xp)- ®
k+#i, j

Mathematically, the input term in Eq. (4), and especially in Eq. (5),
resembles an incomplete matrix multiplication of X;; with itself. On aesthetic
grounds, it would be convenient to complete the product as Hunter (1974)
was able to do. Unlike that paper, however, there seems to be no reasoning
which could include i’s feelings towards himself in a measure of the
dissonance he perceives about his feelings towards j, and we have specifically
removed #’s feelings about j from the sum.

Observe that X;; does now not enter the expression for X’,—i. In other
words, persons’ feelings about themselves are incidental to the formulation.
However, similar reasoning to that employed above would yield X;; =|[0;]
que‘ Yik Eixi (S; Xix Xxi = X;;), and this may be included if desired. However,

1

it is unlikely that Xj; is changed by the same forces which change Xj; (e.g.,
X;; is usually positive), and we shall not discuss Xj; further.

We have now operationalized Assumpt. 12a, and must now turn to 12b
and c, the perceived dissonances involving Y;. We begin, inevitably, with two
hypotheses.

Hypothesis 7

In a closed group, people want to talk to the people they like and do
not want to talk to those they dislike. Further, desired communication with j
is bigger than desired communication with & if X;; > X.

Hypothesis 8

Given a situation in which / wishes to talk to j more than j wishes to
talk to i, j’s desires will win. In otherwords, prolonging a conversation
demands the consent of both parties; truncating it demands merely the desire
by one party, regardless of the feelings of the other. We ‘'say that j
“dominates” the (i,/) conversation.

Clearly, Assumpts. 1 and 2 become important. In many real situations it
is necessary (because of external time-structuring) to talk to those one
dislikes. Also, in many situations where one is not communicating with the
group, the least dissonant technique is to leave the group. Assumptions 1 and
2 allow none of this. In other words, there is dissonance if I am talking to
people more or less than I wish to. There is also dissonance (Assumpt. 12¢) if
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i wants to talk to j more than j wants to talk to i, and Hyp. 8|tells us that, in
general, there is no immediate resolution of this dissonance for i except by
changing his desires.

To quantify Hyp. 7, the simplest formula (which itself makes a very
strong assertion about attitudes) is:

the desired Y;; = Xj; = p; max (X, O) (6)

where u; is a positive quantity, assumed of order 1. Its size will be discussed
later. Eq. (6) satisfies Hyp. 7 completely: if X;; <0, )f,-,- = 0;if X;; > 0, )2',-]- o«
X;;. For modeling purposes, we assume y; = p.

Then, just as in deriving Eq. (5), the effective dissonance is obtained as

Xy ~ Yy),

which again gives the direction of the relevant change in Yj;, by Assumpts. 5
and 6. The larger the difference between X and Y, the bigger is the
effective dissonance, and hence the faster is the change in Y;;. When X;; = Yy,
there is no dissonance and no tendency for Yy to change The percelved
effective dissonance, similarly, is v; (X,, - Y;), where the v;s are positive
constants, similar to the obtuseness factors. These factors must be retained, as
we are unable to define them away by redefining ¢ again. However, this
formulation is incomplete. We have failed to take into account the fact that

Z Yy < 1 by definition. As X Y; nears 1, it becomes more difficult to
j#i J#i

allocate what spare time is left. This is allowed for by Hypothesis 9.
Hypothesis 9

If most of i’s available conversation time is already taken up, he will be
less keen to devote more time to a given person and, conversely, will be very
keen to obtain more spare time. If i’s time is fairly empty, he will be
enthusiastic about talking more to people and unenthusiastic about talking
less.

This could be quantified on a crude “cutoff” basis as in Fig. 2a. This
shows a factor which multiplies the effective dissonance to allow for the

difficulties of conversation allocation. When X Y;;> g, then Y;; is simply not
j#

allowed to increase; when X Y; < a, Y is not allowed to decrease. Such a
J#

formulation lacks elegance, and furthermore involves a proliferation of param-

eters. Figure 2b represents a more likely formula. A special case of this is

given in Fig. 2c; due to its linearity, it involves no parameters and is the one

used henceforth. The multiplicative factor is, then, (1 - ki_ Y if Yy; should
1

increase (i.e., X',-,- = Y;) and E Y if Yy; should decrease (i.e., )?,-,- < Y.
ki
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Mult. Factor
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Fig. 2. Quantifications involving conversation allocation. Firm line shows multipli-
cative factor when Yj; is increasing, dashed line shows multiplicative factor when Yj; is
decreasing. Model (a) is crude and involves two additional parameters; model (b) shows
other more plausible nonlinear formulations; and model (c) is the one used in the text.

* Combining all these, we obtain

Yi=w Xy~ Yy) - Fy (7
where F=1- 2 Yu if Xy > Yy
k+i
= Ya if X; < v\,

and the prime notion on Y’,-, indicates that this is the change that i would
desire. Of course, j, too, has a desired Y;, Hypothe51s 8 tells us that the
smaller of Y;, and Y;, is what will actually occur; ie., Yj; = Y,, = min (Y;,,
Yi).
3
! Next comes the inclusion of Assumpt. 12d, the simple inability of i to
talk to people as much as he would like. There are two cases. If his waking
day is full ('E. Y;; = 1), then he must live with the dissonance by Assumpt. 9.
Fiall

The other case is more interesting. As time continues, Z X;; may increase—in
i

other words, s desired talking time increases. As this time nears unity,
presumably, pressure builds up against allocation of more desired talking time.
Hence, we have, in a manner identical to that used for Yj;, Hypothesis 10.

Hypothesis 10

If most of s available desired conversation time is always taken up, he
will be less keen to devote more desired time to a given person and,
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conversely, will be very keen to obtain more desired spare time. If ’s desired
time is fairly empty, he will be enthusiastic about wishing to talk more to
people and unenthusiastic about wishing to talk less.

This is modeled in a precisely equivalent fashion to Eq. (7) by
multiplying X',-j by an extra factor.

Gi=ai—‘EXik le',]>0
k+#i
= Z-Xik if Xi]’ < 0,
k+i

where a; are constants of order 1. (This factor, it turns out, affects the
solution very little, but the G; are described for realism. Frequently, in the
analysis, they will be neglected, but are always included in numerical
examples. The main effect is not to allow decreases in Xj; if all the X, for
fixed i, are negative. This occasionally produces slight asymmetries.) An a; <
1 means that i personally cannot allow desired talking time to reach a certain
fraction (less than 1) of a day. We can think of 7 as a nervous person who is
unwilling to get involved. Conversely, a; > 1 means that i is only unhappy
(perceives dissonance) when his desired talking time reaches some value longer
than 1 day; we can think of him as an energetic person who is always on the
go. However, henceforth in the theory, a; will be taken to be unity.

Only Assumpt. 12e remains to be included. Consider that, for t < 0, i
has listened to the group and has formed his opinions of them purely on the
basis of what he hears. This had led, by ¢ = 0, to a collection of dissonances
which i perceives. He changes his relationships precisely according to the
model which we have specified, so as to reduce his dissonances. In the case of
his effective dissonances, this is all he can do. This is because his effective
dissonance involves the difference between an effective and an affective
quantity; ie., Y; and )?,-,-, respectively. He is already bound to change X
(and therefore X;;) according to our model and so can only decrease the
effective dissonance by changing Y;.

This is not so for his affective dissonances. Return for a moment to the
discrete formulation of the problem, wherein i talks to k about j during the
interval ¢, < ¢t <t + At. The dissonance i perceives is, as we have seen,
S; Xix Xxj - Xij, the difference between ./’s input S; Xik Xj and his feel-
ings Xj;. The model specifies that i changes X;; to reduce this dissonance. How-
ever, he can also reduce this dissonance by altering S;. We can imagine the vari-
ous situations occurring as in Table 1.

The right-most column in Table 1 shows the sign of - (Input X
Dissonance), and it can be seen on inspection that this has the same sign as
the required change in S;. Further, it satisfies one of our basic requirements
for the change in S;; i.e., that the bigger the dissonance, the faster the change
in' ;. However, if we wish to adopt this formulation, we must justify the use
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TABLE 1
The Signs of the Appropriate Changes in X5 and S; to Reduce Dissonance?

Dissonance Input X; Xy (flommode) Required S; | Input times dissonance

+ ++ + + - -
+ ++ - + - -
+ - - - + + +
- + ++ - + +
- - + - -

4X;; Predicted from Model. A double [sign indicates a larger magnitude.

of the input factor in the expression. It is not obvious whether one reacts
more rapidly, given a specific dissonance, to a large input or to a large
pre-existing X;;, or to neither of these. In fact, we do not know. It is possible
to concoct alternative expressions to satisfy the other suggestions; namely,
- Xyl sgn {input} dissonance, or - sgn {input} dissonance. [Notation: sgn {Q}
=+1if Q>0,0if @ =0,- 1if Q<0].This formulation is more clumsy
than, and furthermore gives very similar results to the former and will not be
used.

Hypothesis 11

In a given circumstance of affective dissonance, i can reduce the
dissonance in two ways: by altering his affective feelings or by altering his
sensitivity toward the group. In both cases he changes these at a rate
proportional to the dissonance. If he perceives consonance, neither his feelings
nor S; will change. In cases of large input, i changes his sensitivity faster than
in cases of small input.

In fact, i talks to many people, and we must recombine the discrete
formulation into familiar probabilistic terms. This involves weighting the
change in §; by the probability that i talks to k about j, as before. Hence S; =
-0y i ki ) Yie Eixj Iij Dycj, where Iyg; and Dy retain their former meanings:

J i
Lij = Si Xj Xij and Dy = Iyj - Xy, and) oy is aconstant of proportionality.
The (2V)-1 factor is absorbed into o; as before. Note that, as /.S",lon S, 1’s
sensitivity can never become negative.

This completes the formulation of the model. The equations are
summarized here for convenience. We shall frequently neglect the Ey; and G;
factors in the rest of the paper as their effect is usually quantitative and not
qualitative.

X = (0] [kzi ; Yik Eij (Si Xixe X - Xij)] G; (10)
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Yj =7 (X - Yy) Fy 11
Yy = Yy = min (Yy, Y}) (12)
S;=-0;Z T Y Epj Dk 13
R R S A (13)
Gi= 1- 2 Xik lei]>0
ki
= T Xy if X; <0 (14)
ki
Fi= 1- 2 Yik lin,>0}
k#i
=2 Y; if ¥; <0 15
ki ik lk if (15)
Euj = 1Xi Xijl + 1 - Xy = Xy (16)
Tikj = Si X Xij
Dixj = Iikj ~ Xy a7

The next four sections will deal with some derivations from the model.
Section IV gives some simple deductions about the equations. Sections V and
VI examine steady-state solutions of Eq. (10){17) and the approach to
steadiness. Section VII examines whether these solutions are stable (in the
dynamic sense).

IV. A SIMPLE DISCUSSION OF THE MODEL

Before considering any specific detailed solutions of Eqs. (10)(17), it is
valuable to spend some time discussing general tendencies within the model in
order to get an intuitive grasp of it. The key equation for this purpose is Eq.
(10). Stripped of various factors, it resembles

Xy« 8; (X?)5 = (1 +8; Xy + S; X)) Xy, (18)

where (X?);; is the (i, /) the component of X?, the matrix multiplication of X
with itself. The matrix multiplication has been completed and then the extra
terms subtracted off. It is important to realize that, in general, the behavior of
Eq. (10) is not that of Eq. (18) with a constant of proportionality included.
The easiest way to see the difference is to consider various limits of Eq. (18).

First suppose that |S; X;;1 << 1 for all ,j (or a subset of them in
certain cases).” We can describe this case in either of two ways: (a) S; << 1
means that 7 has abnormally low sensitivity; i.e., that he cannot perceive input

TNotation: ¢ << b means g is much smaller than b.
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from the group as being anything other than neutral or (b) |X;| <<1, which
means that i feels neutral toward all of the group. Then Eq. (18) behaves as

Xy o - X, (19)
which, for a unit proportionality constant, gives
Xi]' = X,] (t = 0) e—f, (20)

i.e., all the X;; decay exponentially towards zero, or neutrality.8

Now there are three effects we have neglected in comparing Eqs. (10) to
(19) in this case: the factors Ej; and the changes in S; and Y;;. The first two
of these cannot prevent a decay to zero, but Y; can under some circum-
stances. Recall that if X;; > 0, so does Yj;, from Eq. (11). Then the following
theorem shows the circumstances under which feelings can reach neutrality.

Theorem

Suppose X;; is approaching zero, but all inputs to i about j (Y, k%)
are decreasing toward zero also. Then Xj; reaches zero (asymptotically) only

(a) if $; << 1, and if i dominates j for any j (i.e., Y}j < Y}, or

(b) if S; << 1, and all the j dominate i, if one of the j (m, say) has
Yx = 0, for all k also, or

(o) if X5l << 1, all §, j.

To sum up: #’s feelings, in a decaying situation, may or may not decay
to zero (neutrality) depending on circumstances. If i’s sensitivity has become
low, then i’s feelings reach neutrality if i/ dominates any conversation or if
there is someone else with a low sensitivity; otherwise, i’s feelings tend to a
nonzero constant, If all the group’s feelings are very small, then all feelings
become neutral.

This description applies only to a decaying situation. It is quite possible
for X to pass through zero, or to become zero, because i receives neutral
input about j, without any other X; becoming zero. But, in general, i’s
feelings can “harden off” to some nonzero value and remain there. We shall
refer again to this theorem when steady and near steady solutions are
discussed in Section V.

Now consider the other limit of Eq. (18), namely, [S; Xyl >> 1,
corresponding to an “abnormally high” sensitivity. Then Eq. (18) resembles

Xy = 8; (X*)y. 2))

(Note that the N terms in the matrix multiplication in Eq. (21) outweigh the
additional term in S; which has been neglected in' Eq. (18) for these purposes.)
This equation, for S; = 1, has been discussed in detail by Hunter (1974).

8The neglected G; factor gives, at worst, a quantitative change to this behavior.
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Suppose for simplicity that all the S;’s are large and constant. Then Eq. (21)
has the feature that the X;; become infinite at a time t* = A4 -18;~1, where
Amax is the biggest eigenvalue of X; (Hunter, 1974). 9

However, in this model, the X; cannot “explode” for two distinct
reasons (proofs omitted):

(a) The effective relations Yj; serve as a brake on the affective relations
by Hypothesis 10 and Assumpt. 12.

(b) As Xj; increases, so do the dissonances D and inputs /, causing S; to
decrease sufficiently rapidly to reverse the sign of X,]

The next part of this section is devoted to a brief discussion of the
relative magnitudes of the O;, v;, and o;, the factors multiplying the rates of
change of Xj;, Yy, and S;, respectively. For the rest of the paper, we shall
assume, unless otherwise stated, that O;, ;, and o; are all of order unity (and,
further, that O; has been absorbed into the definition of ). However, we
explore here some of the possibilities of violently unequal O;, 7;, and o;.

First, suppose v; >> Oy, 0;. Then, it can be shown that Yy can be
replaced by min (Xik, X x1) throughout. Under this limit, then, it becomes
unnecessary to retain effective communication as a separate variable, and the
sum simplifies to a purely affect theory.

Conversely, suppose 7v; << O;, 0;. Then this says that effective
communication Y remains constant during the time scale over which X,
changes. In other words, communications can be regarded as given, while the
X change. Only when the Xj; have reached an unchanging state (cf. Sections
V, VI) need we allow the Y;; to change. By this time, it is likely that feelings
will have crystallized to such a degree that the changes in Yy will give only
minor changes to the affective pattern.

Neither of these cases is overly realistic, and we shall assume O; ~ 7;
henceforth. Now we turn to the magnitude of o;, which multiplies the rate of
change of S;. If 6;>> 0;>Yi, then i’s sensitivity S; changes much more rapidly
than X or Yy, and at all times, S; has its optimal value for the given X;; and
Y;;. This is not unrealistic; an example of such behavior will be given in the
next section. In general, the higher the value of g;, the less possibility is there
of the group attaining an all-neutral state. We shall choose to allow X, Y, and

91t should be zoted that Hunter’s statement that the finite-difference form of this
equation does not go infinite is misleading. It stems from his use of an Euler
(forward-differencing) time step, which possesses atrocious error bounds, and is, more-
over, unstable for all time steps for this problem. Had he formulated his theory with a
predictor-corrector or a Runge-Kutta time step, both of which have well-defined error
criteria, then the numerical method would take smaller and smaller time steps as ¢ = #*
was approached, indicating a numerical breakdown. The interested reader is referred to
any text in numerical methods; e.g., Fox and Meyers (1968) or Acton (1970). Note,
however, that the authors of this paper will quite cavalierly use an Euler step when it
suits them, in order to save on machine time.
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S to change simultaneously in what follows (g; ~ Oy, v;), although there may
be grounds for assuming that g; is quite large.

The final case (0; << 0y, v;) is unrealistic, as it allows many Xj; to
become wildly out of the range +1. Henceforth, o; ~ v; ~ O;, then.

We have carefully avoided mentioning the time scales involved in these
processes, for a simple reason. We have no idea what they are|(cf. Hunter,
1974). We would suspect, from evidence given elsewhere (Bernard and
Killworth, 1975b), that in some semiclosed groups a time scale of order 2
weeks is involved. But, in general, we cannot know. The time scale may be
hundreds of years. Not only that, but the units of many of the quantities in
Egs. (10)(17) are not even defined! What, for example, would “person per
second” or ‘“liking squared per person” mean? In a more fully developed
subject these questions would need an answer; at this stage of our knowledge
we shall ignore them.

Finally, in this section we lay an important piece of groundwork by
defining and drawing the distinction between four very different kinds of
solution. The recognition of these four solution types is necessary if any
dynamical model is to be fully understood. The solutions are: steady (also
called invariant by Hunter, 1974), stable, asymptotically stable, and attainable.
Three of the definitions are (much) simplified from La Salle and Lefschetz
(1961).

Definition. A steady solution is one in which the time derivatives in Eqgs.
(10), (12), and (13) are all zero.

Definition. A stable solution is steady, and also possesses the property
that a small perturbation in the solution yields changes which remain forever
small (without necessarily tending to a steady solution).

Definition. An asymptotically stable solution is stable, and also possesses
the property that a small perturbation in the solution decays away to zero.

Definition. An attainable solution is steady and can be reached through
a changing pattern of relationships over time (although ¢ — o may be
involved). An unattainable solution is steady, but not attainable.

From these definitions one can write down several trivial theorems; the
only ones which are not immediately obvious are:

. Theorem. An attainable solution is not, in general stable.

Theorem. An unattainable solution is patently unstable.

The nonmathematical reader may find it of use to consider the hoary
old example of the needle, freely pivoted at its eye. The needle can sit in
either of two steady positions, pointing vertically up or down. The needle
pointing up is a steady, unstable, and unattainable position and therefore not
asymptotically stable. The needle pointing down is a steady, stable, asympto-
tically stable, and attainable position.

In sections V and VI only steady solutions will be|discussed. They will
usually be attainable. The important question of stability will be deferred
until Section VIL.
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V. ATTAINABLE, STEADY STATES 1: SIMPLE STRUCTURES

We shall limit our attention here to cases where N is only a small
number and defer larger groups until Section VI. To begin, note some general
points. (1) The model does include genuine steady states which involve no
unaesthetic continuous rescalings of variables which were necessary in the
theory of Hunter (1974). Unlike that theory, however, the steady state is
attained only as ¢ —> oo, rather than at a given finite, albeit very large time.
This fact has relevance to the problem of stability later. (2) Steady, attainable
solutions exist in which not all feelings are reciprocated; those in Hunter’s
basic theory have the property that the antisymmetric part of X;; (i.e., Xy
- Xj;)) tends to zero, and hence all steady solutions have only reciprocated
feelings. However, in the more general form of Hunter’s theory, this is not
necessarily so. (3) In a steady solution, one listens to one’s friends, However,
as we shall see, it is possible for friends to disagree.

Theorem

For any initial conditions, an attainable steady solution is achieved as
t > oo,

We consider first the simplest group ' of precisely three people. There are
exactly 15 steady attainable triads, shown in Fig. 3. The terminology used has
been taken over from Hunter’s (1974) summary of work in this field. The
solutions are listed by effect networks. There are only four possible networks:
communication between all three people; between two pairs; between one
pair; and between nobody. However, there is no solution with two lines of
communication. To see why, suppose Y;; and Y;; > 0, but Yz = 0. From the
above, Xy, Xj;, Xjx, Xij are all positive. Then i gets positive input about &
from j (X Xjx > 0). He received it because Yy Ejx > 0 (except in the
unlikely case that i hates k or X = -1; from Section IV, this would have to
have been set up at ¢ = 0). Hence there is dissonance involving ’s feelings
towards k unless X;; > 0. Interchanging i and & in this argument gives Xy; >
0. Hence, Y;z > 0, a contradiction. The arguments to deduce the effective
structures are lengthy and invoke the theorems in Section IV. Effectively they
say that if all I’s communications cut off with finite time integral, then X
can be arbitrary.

The triads in Fig. 3 show many features common to hierarchical
structure (cf. Boyle, 1969; Holland and Leinhardt, 1970). Only four are
completely reciprocal (there are 10 reciprocal triads which can be con-
structed), although 12 are weakly reciprocal. Eleven are transitive, and all but
one of these (No. 9) are weakly reciprocal. Hence all of these but No. 9 are
balanced and therefore clustered (Hunter, 1974). Conveniently, the balanced,
clustered triads in Fig. 3 are all and only the weakly reciprocal triads.
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Fig. 3. Steady triads. Affective relations are shown thus: indicates a positive
link; a blank indicates neutrality; and -----.- indicates a negative link. If the links are
asymmetrical, an arrow is added (e.g., —— would indicate a link which was positive one
way and neutral the other). Effective links are shown more simply: They either exist
(solid line) or do not (left blank). A code has been placed under each triad: R means
completely reciprocal, T means transitive, B means balanced, C means clustered, P means
positively balanced. On many occasions, conditions 7, B, C, and P are trivially
(“vacuously™) satisfied. Brackets indicate that a code is only satisfied if neutral relations
are taken as implicitly having the “correct” sign. Since the reciprocity relation would be
mostly bracketted, a code W, for weakly reciprocal, has been used. An overbar indicates
falsity. No indication is given of the magnitudes of the relations. Although there are
usually - an infinite number of solutions of a given form, the values are complicated
solutions of nonlinear simultaneous equations.
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Positively balanced (“friends agree”) triads do not fare so well. Only 10 are
positively balanced, although another three triads qualify if neutrality is not
taken as a disqualification. However, all the triads are positively balanced if
good friendship (i.e., i likes j, j likes i) is taken as the proviso. This theoretical
aspect of these triads will be dealt with more fully in Section VI.

There are, of course, many other possible triads, some of which are
steady or attainable. What happens to these over time? By and large the
“filling-in” of missing links occurs, as defined by Hunter (1974). However, no
straightforward answer can be given because the precise course of events
depends crucially, not only on the initial values of the X;; and S;, but also on
the Y;;, which can allow or deny input to i in various circumstances.

We have also specified that the solutions be attainable. This is obviously
important. The all-negative triad (Fig. 4(6)) is clearly steady if Y;; are all zero,
since the dissonances are all zero. However, this situation is only possible if it
is formed as an initial condition; if any of the Y;; are nonzero, the all-negative
triad is unstable.

Some typical examples are given in Fig. 4. The 10 possible reciprocal
triads have been used as initial conditions, with all Y; positive and S; “large.”

-] (-]
2.
v (steady) (steady)
o o o———o0
3 ° ° 4. i
— (steady)
[ —— - ° °
Y A 6. A °
AN I
SN, (steady) SN
o/——-\o P/, ‘o o )
7 ° 8. °
/\, - /\ -
...... o (-] -] o
9, 10

2 R A A
7 Ay I’ \\ Ay \‘
’ Ay AY
/ \ —_— p . \
N \ ’ \ \ Y
4 ° o v AN

Fig. 4. Reciprocal triads and the triads towards which they usually converge. If a
triad is shown as “steady,” this means that the final X, jj pattern is the same as the initial
pattern, but in general the values will have changed. All the steady states are reciprocal,
balanced, clustered, transitive, and positively balanced, except 9 and 10 which are only
weakly reciprocal. Without the G; factor 10 would be reciprocal.
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Usually, these conditions are: |X;;| = 0.6 unless X;; = 0, |Y;| = 0.4, 8;= 2 or
3. The steady state to which these normally converge is shown. There are
other possible outcomes; for instance, if in Fig. 4 (7) one of the positive
relations is strong and one near neutral, and the negative relations are strong,
then the weak positive relations will be turned into dislike and eventually Fig.
4 (5) achieved. This and similar alternatives are somewhat exceptional, how-
ever.

Conveniently, all these steady states are balanced, clustered, transitive,
and positively balanced. The only exceptions to reciprocity are 9 and 10
which are weakly reciprocal. The awkward triad (Fig. 4 (7)) which in Hunter’s
(1974) theory was neither clustered, balanced, transitive, nor positively
balanced, but was invariant, now is unsteady; its awkwardness survives only in
that it can have various outcomes depending on initial lvalues.

These examples give some feeling for the behavior of triads. A full

Affect: [Nosouton]  [Nosoution]  [No sotution]

0 A

1RTBCP “Slash” “Circle” “Kite”

- i can have arbitrary
Affect: feelings for the others
Eftect: L_I

“Chain” 2wWTBC[F] 3wTBCP
A\ [ican have arbitrary - -
Affect: k l-!eelings for the others] [No Solutron] [;o Solutlﬂ
LA X
o] o
Effect:
4:RTBCP “Wheel”

Fig. 5. Attainable steady tetrads where the effect network involves at least three
people. In 5(3) and 5(4), only the feelings of the outer trio between themselves and
toward the center member are shown; the center member may have arbitrary feelings
toward any of the trio. “No solution” means that there is no steady solution with the
given effect structure.
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survey would entail analysis of all 729 possible triads (less, in fact, if
isomorphisms are excluded). However, triads are a very special case of a large
group, since i’s feelings about j are only affected by input from k, the third
member of the triad.

The next simplest group is the tetrad. The number of permissible steady
states is now somewhat large, as fragmentation of the effect network permits
many solutions. Figure 5 shows all the steady tetrads which have an effect
network connecting at least a triad, and Fig. 6 gives an indication of the
varied solutions obtainable if this condition is not satisfied. Figure S contains
several surprises. It predicts that many of the well-known structures in
small-group research (circle, wheel, chain, etc.; cf. Leavitt, 1951; Bavelas,
1950) are not permissible steady solutions, in most cases because of the
obvious “filling in” effect mentioned above.

The other configurations, which usually allow some degree of arbitrari-
ness in some relations, wreak havoc with the familiar principles of balance,
etc., although it is obvious that in many cases we are seeing variations on the
theme of warring groups, one of the mainstays of balance theory. However, all
the tetrads are positively balanced if the “good friend” definition is used.

The temporal course of other tetrads is naturally too complex to be
described in detail (not counting isomorphisms, there are 531, 441 possible

C

A
Affect: 1 For permissible values of AC, BC,AD, 8D,

CA,DA,CB, and DB see Table 2
D

Q
Effect:

A oC ° o
Affect: For permissible values of the
other affect relations see
B °D caption ° °.
o [ °
Effect: I
o o o
2. 3. RTBCP

Fig. 6. Steady tetrads where there is not an effectively linked triad. Table 2 shows,
as far as isomorphism level, the permissible affect relations for 6(1). Fig. 6(2) satisfies the
following: (a) A and B agree; (b) either X 4 or X4 must be < 0; (c) if X4 > O then
all C’s relations are zero; (d) if X 4 < 0 then C’s relations are arbitrary except that X¢p
and Xpc cannot both be positive; (e) the above, with C and D interchanged.
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TABLE 2
Permissible Relations for Fig. 6(1). Also Indicated Are R, T, B, C, P as in Fig. 3

AC AD CA CB

BC BD DA DB
WT B CI[P] + + 0 0
RTBCP + + 0 -
RTBCP + + - -
wT B CI[P] + 0 0 0
RTEB Clp + 0 0 -
RTBCP + 0 - 0
RTBCP? + 0 - -
WTBCTP + - 0 0
RTBCP + - 0 -
RTBCP + - - 0
RTBCP? + - - -
RTBCP 0 0 0 0
WTBCEP 0 0 0 -
WT BC P 0 0 - -
WTBCP 0 - 0 -
WTBCP 0 - - -
WTBC?P - - - -

tetrads!) and, again, we present a selected subset. Since even the number of
reciprocal tetrads is large (729, less isomorphisms), we chose the same set as
used by Hunter (1974, Fig. 13). These consist of the all-negative or zero
reciprocal tetrads. (The all-positive or zero tetrads are less interesting.) The
results are shown in Fig. 7.

These results are interesting both in their own right and also in compari-
son with Hunter’s results. In no case do they agree. Figure 7(a) is the
all-negative group, discussed more fully below. It tends to neutrality. Figures
7(c) and (e) both degenerate into two pairs of friends who are neutral about
the other pair (in contrast with Hunter’s theory, which gave warring groups).
Figure 7(b) is surprising in that only one relation survives. Figure 7(d) shows a
partially connected three-clique which is indifferent to the fourth member,
who dislikes them. The hierarchical structural connotation is obvious. Perhaps
the most surprising case is 7(f). A three-clique appears rapidly. In Hunter’s
theory, the situation stops there. However, in our model, the sensitivities
within the three-clique have dropped dangerously low—low enough to cause
the feelings of the clique to decay to zero. Meanwhile, the feelings of the
fourth member (i, say) change or not depending on whether the G; factor is
included. Figure 7 shows the result if G; is included; if it is removed then the
all-neutral group can result.

The last of the simple groups to be considered is the “n-person
symmetric group.” This is defined very simply. Put X;; = X, Y; =Y, 5; =S8
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Fig. 7. The all-negative tetrads and the steady states to which they converge.

for all 4, j in a group of size n. All the affect and effect relations are identical,
resulting in a considerable simplification of the equations, which becomes

X =(n-2) YX (SX-1) (22)

Y= {yuX-NF,X>0
-yYF X<o (23)
S = 0SS (n-1)n-2) YX? (SX-1), (24)

where: the G; are neglected without loss of qualitative behavior; the Ey; are
independent of i, k, j and are absorbed into ¢ :(implying a redefinition of 7,
0); and F is the F; defined in Eq. (15).

Steady solutions exist to Egs. (22)424), in addition to the all-zero
solution in which

SX =1, Y=uX >0, (25)
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or

Y=0, xX<o. (26)

The second of these is unattainable. The first is a realistic solution, with the
extra degree of freedom that X is arbitrary, provided only that X <
[u(n-1)] ~1. This is the “all-positive symmetric group.”

How does a symmetric group not satisfying Eq. (25) change over time?
We can answer this by examining the signs of Xand . They both depend on
the signs of X and (SX-1). Now SX-1 = constant is a hyperbola if drawn on
the (X, S) graph!(the “phase-plane™) and this suggests we use such a graph to
illustrate the behavior of the solution, as in Fig. 8(a). We can also divide Eq.
(24) by Eq. (22) to give

a‘%s( = ~a(n-1)SX2, @7

an equation in which ¢t does not enter explicitly. This can be integrated to
give

S=Soexp{ 3

D) (x3- xﬁ} (28)

where (X,,S,) are the initial values of (X, §). This always has a solution
where SX = 1 (i.e., steady) providing

S, exp {"(’;’1) X,’,' > [o(n-1)] ' 36l /3 (29)

but this condition involves moving along Eq. (28) in a direction contrary to
that given in Fig. 8(a) if X, is small enough. These results are shown in Fig.
8(b) where four typical paths have been plotted. The two curves in Fig. 8(b)
are SX = 1 and Eq. (29) with the suffixes removed. They intersect at X =
[o(n-1)]-1/3. For large n and o ~{0(1) or for small n and large o this value
is small, making it likely that (X, S) lies to the right of this value.. In other

S S

x>0
§<0

x>0 | x<o .
$§<0 $>0 *X,5:0

Y

X

(a) () in-no1

Fig. 8a. The signs of X and S on the (X, S) graph.

Fig. 8b. Solution paths on the (X S) graph. X shows the final steady state, * the
starting point. The paths all lie on S exp {(n—l) oX’/3} = constant. Region 1 and 2
tend to nonzero steady states.
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words, the larger the o, the more likely it is that the group will tend to a
steady state of mutual affect.

The first of these shows a healthy group. Each person feels that the
group likes any of its members more than he does, so he increases his liking
for them and reduces his sensitivity. Eventually, (+ = o) SX becomes unity,
and § and X cease to change. In number 2 the group is perceived as liking its
members less than i does, so he decreases his liking and increases his
sensitivity. The parameters are such that again SX becomes unity. Number 3
presents the same picture, but now i does not increase S fast enough to
prevent a decay to zero. Number 4 shows the fate of the all-negative group. In
this case 7 perceives positive input and i increases X while decreasing S. X hits
zero, from the theorem in Section IV.

In the next section we shall consider more complicated groups and give
fuller attention to the connections between the model and the concepts of
balance, transitivity, and the like.

VI. STEADY STATES 2: MORE COMPLICATED GROUPS

One of the problems of discussing the predictions of any mathematical
model is to know to what level of complexity the results should be taken.
Typically, if the model reflects reality to any degree, the basic trends
predicted by the model will be accurate, but the detailed predictions will not
be. Precisely where the points of diminishing returns lie can only be
determined by intuition based on knowledge of the underlying physics: an
intuition which we do not yet possess. Since we have seen in Sections IV and
V that even relatively simple situations produce complicated, nonlinear
equations, we shall dispense with the mathematical machinery insofar as
finding solutions is concerned, and discuss group structure in a more discursive
fashion. In particular, we shall examine the following:

(a) What are the properties of a steady state?

(b) What are the connections between this theory and balance, cluster-
ing, etc.?

(c) What—loosely—happens to unsteady groups?

(d) Are “cliques” relevant?

(e) Do balance, clustering, etc. survive over time?

To answer these, we introduce the concept of the *“snowball,” which
grows naturally from the examples in Section V. There, triads and tetrads
were listed by their effective (or, equivalently, their mutual positive affect)
structure. This turns out to be the natural way to organize larger groups. To
obtain a snowball, begin with any individual i. Add to i all those j to whom i
talks; then add all those to whom the various j talk; and so on. Either this
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process exhausts the group or it does not. If it does, then the entire group is
one big snowball. If not, then we have found a snowball H contained in the
group which is strongly connected (graph-theoretically) on effect. There is no
need to retain 7 as a label, since any member of H gives the same snowball.

Now no member of H talks to anyone outside H; hence, snowballs are
disjoint. If the case of one member is regarded as a trivial snowball (i talks to
no one), then the group consists of the union of a collection of snowballs.

What, then, are the properties of a snowball? This can be answered (for
the case Ey; = constant) quite simply by the following theorem.

Theorem

A steady snowball H satisfies one and only one of the following,
depending on the largest eigenvalue A of a certain matrix ay;:

(a) if A < 1, H is completely connected on effect and positive affect
and has neutral feelings towards all other members of the group. This case we
shall call subcritical. “Completely connected” means that everyone in H talks
to and likes everyone else in H.

(b) if X = 1, H is completely connected on effect and positive affect;
further, H agrees about all other members of the group (i.e., Xj;, Xﬂ,-i, jeH,
| ¢ H, have the same sign). This case we shall call critical.

(¢) if A > 1, H is not completely connected either on effect or positive
affect—-indeed, there are negative feelings within H-—and does not agree about
any member of the group (banning the possibility of neutral feelings). This
case we shall call supercritical.

This theorem is of central importance to the paper; its proof is given in
the Appendix.

Corollary

In a completely connected triad (1, 2, 3), all the S; are equal to
X13/(X12X23), and the triad is critical.

Corollary

If there exists i € H such that all H likes i, then H is subcritical or
critical.

No subcritical snowballs have been found explicitly, and it is not known
if any exist naturally. Within the snowball, of course, they appear identical to
critical snowballs (e.g., those in Section V). It remains to show that
supercritical snowballs exist. Consider a polygon H, with two people at each
vertex. Each person feels X; > 0 about the other at the same vertex, with
corresponding effect Y, = aX,. Each person feels X, > 0 about the two




A MODEL OF HUMAN GROUP DYNAMICS 209

Fig. 9. A snowball which is not completely connected. There are two people at
each vertex, who like each other with affect X;. Each vertex likes its neighbors with
affect X; = 0.524X;. All other relations are negative, of magnitude X3 = -0.409X,.

people in the vertex immediately following and the two people in the vertex
immediately before, with effect Y, = aX,. All other relations are X; < 0.
The situation is shown in Fig. 9. The snowball is strongly connected because
of the communication cycle around the perimeter of the polygon. Put X, =
AX,, X5 = pX,, SX; = 0. Then Eq. (10), applied to X,-, X,, X5 in turn yields
for a steady state, A2 - 1 =0; (A + I)(0 - 1) + 2 (ou - A) = 0; and (o - 1)
+ 2 (oA - 1) + 2 M0oA? - u) = O; respectively. These can be written: ¢ =
L u=AA- % A+ 1)No- D)fo,and F=pu(c + 1 - 4X) + 2A =
respectively. Numerically a solution is A = 0.524, ¢ = 3.64, u = -0.4089,
which has X;, X, > 0 and X; < 0 as required. Whether S is zero, of course,
depends on relations with all the other members of the group, not just H.

The above theorem will suffice for our needs, although it does not
exhaust those possible. (One can, for instance, show that in a snowball of size
three or more, no one can talk to just one person—i.e., no snowball can be
that supercritical. Also, a supercritical snowball has at least five people.)

We can thus characterize a steady group as a union of snowballs, each of
which may be subcritical, critical, or supercritical without prejudicing the
others. This yields a collection of symbolic representations of possible groups,
some of which are shown in Fig. 10. The simplest case is Fig. 10a: All the
snowballs are subcritical and hence exist as isolated ‘“‘islands” within the
group. Figure 10b shows the traditional picture of a clustered group, with
cliques (here snowballs) hating each other. Figure 10c shows a similar picture
but with some lines of positive affect—in no case can these be reciprocated, of
course, as this would violate the assumption of no communication. It is not,
of course, clustered in the normal sense.

There is no need for a snowball to feel the same about all members of
another snowball. In Fig. 10d, for example, H, likes the subset H,, of H,
but dislikes H3y. This, however, forces H,, to dislike H,, and criticality
1mp11es that Hjy, shares H,,’s feelings. So there is little freedom in allotting
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(b} all snowballs critical and
(@) all snowballs subcritical mutually hostile

(c) all snowballs critical but (d) two critical snowballs with
not all mutually hostite differing opinions (see text)

(&) two supercritical snowballs -
confused situation

Fig. 10. A variety of steady situations. Circles represent snowballs which are
agreed about external feelings except in case (¢). Light dots indicate extension to other
snowballs which are not shown.

between-snowball feelings. Finally, Fig. 10e shows that in cases of supercriti-
cality there is not even a simple picture of the group available—each
supercritical snowball has a variety of feelings about every other snowball.

How does this picture of a steady group agree with the well-known
concepts of balance, clustering, transitivity, and positive balance? It depends
on whether we examine purely internal relations (i.e., those only involving
members of one snowball) or external relations (which involve members of
more than one snowball). It also appears that “positive balance” must be
defined more carefully; a fact already noted by Holland and Leinhardt (1975).
The distinction must be drawn between

“friends agree” <=>> 4 likes B => A4 agrees with B about C and
“good friends agree” <=> A likes B and B likes 4—> 4 and B
agree about C.

In Section V, which contained only subcritical and critical snowballs, we saw
that “friends agree” failed on most occasions, but that “good friends agree”
worked every time.

With these provisos we can describe the success or failure of balance,
etc. in tabular form in Table 3. Subcritical snowballs vacuously satisfy
balance, clustering, transitivity by the examples in Figs. 10c and 10d.
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TABLE 3
The Validity of Balance, etc. for Varieties of Snowballs

Balanced Clustered Transitive Positively balanced
Suberitical Internal yes yes yes yes
ubcritica External yes yes yes yes
(vacuous)
itical Internal yes yes yes yes‘
Critica External no no no “friends”—no
“good friends”—yes
S itical Internal no no no no
upercritica External no no no no

Supercritical snowballs fail to satisfy balance or clustering internally by the
circuit ABC .. .DA in Fig. 9, which contains exactly one negative link.

So, the weak form of positive balance (“good friends agree”) is the most
likely to be satisfied in a steady group. The fact that the weak form can be
satisfied while the strong form (“friends agree™) fails agreed with the
numerical findings of Holland and Leinhardt (1975). However, in that paper it
was shown that transitivity worked even better than positive balance. To see
why this might happen, consider that a sociogram taken on a critical snowball
would probably yield only names within that snowball; this would give the
semblance of transitivity, etc., even though it might not always be satisfied.

This all raises the next question. Given that balance, etc. do not
necessarily exist in a steady group, do they survive if the group is initially
created in a balanced, etc. configuration? We discuss them in turn.

{a) Balance

The weak form of balance has non-negative relations within each of two
cligques (not snowballs) and nonpositive relations between the two cliques. The
strong form of balance does not allow neutral relations. Examination of the
forces acting on Xj; shows that either form of balance in general tends to two
subcritical or critical snowballs, which are, respectively, neutral about each
other or dislike each other. There may be some elements discarded as single,
neutral snowballs. The final result is balanced, clustered, transitive, and
positively balanced: i.e., balance — balance, clustering, transitivity, and
positive balance as t > oo,

(b) Clustering

The weak and strong forms of clustering are identical to those of
balance, except that there may be two or more cliques. Suppose there are
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B

Fig. 11. Pressures on transitivity.

three such cliques: A, B, and C. Then, if { € A4, i receives positive input about
C from B and vice versa. If these inputs are sufficiently strong, then #’s
feelings towards one or both of B and C may become positive, which could
result in a breakup of the clustering or the onset of supercriticality: i.e.,
clustering + balance, clustering, transitivity, or positive balance as t = oo, in
general.

(c) Transitivity and Positive Balance

The most general forms of transitivity and positive balance (i.e.,
nonreciprocated) involve only local behavior and so are not amenable to the
above. global analysis. In general, it appears that there is no obvious reason
why transitivity or positive balance should continue to hold. Consider the
situation in Fig. 11. The triple ACB is transitive. However, if 4 initially talks
to D, A may be swayed into disliking B. However, (presumably) A’s dialogue
with D decreases with time. The pressure is now on A4 to like B again. But
this is precisely the problem discussed by Hallinan and McFarland (1974). A’s
dislike of B may have lined up other relationships so that X 4 g changing sign
induces an increase in transitivity rather than a decrease. It is not clear what
would happen in such a case.

However, the above theorem has shown that if the group as a whole
ends up subcritical or critical, then transitivity will hold internally. It does not
say that transitivity will hold during the time in which the group is changing.

(d) Reciprocity

Reciprocity does not necessarily survive over time, as section V showed.
Experimentally, however, it is likely that the forces acting on i concerning j
are similar to those acting on j about i providing the rest of the relations are
reciprocal also. The truth of this depends, of course, on the magnitudes of the
Xi;j- If X;; is small and positive, whereas X; is large and positive, then similar
negative forces acting on both i and j about each other will be able to make
X; negative but not Xj;. Conversely, if X; and Xj; were the same magnitude,
reciprocity would remain. Hence, the rather vague statement above is the best
that can be made.

¢
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Fig. 12. The intermediary problem.

Finally, in this section, there is one more element of structure which is
worth considering: the ‘“‘intermediaries” noted by Bernard and Killworth
(1973) and Killworth (1974). These are a set of individuals who communicate
with and like two noninteracting cliques and who perform vital functions
within task-oriented groups. The situation is shown in Fig. 12. The theorem
above shows that this cannot be a steady state, since the entire group
(KULUP) likes P implies that the group must be a subcritical or critical
snowball. But, if so, it is completely connected and so K and L like each
other, which is a contradiction.

In other words, intermediaries are in an awkward position. In a closed
group, either they stop being intermediaries or—exceptionally—they drag X
and L together until they coalesce. If they continue to be intermediaries, it is
because of the external pressures upon them--e.g., temporal constraints for
technicians on oceanographic ships (Bernard and Killworth, 1973). Signifi-
cantly, when there is no such pressure in real groups, intermediaries cease to
function. We have found an example of this phenomenon in our study of the
organization of two U.S. Federal prisons. When a line officer is elevated to
the rank of a counselor, he remains an intermediary between counselors and
officers for a period of 1-2 months before losing all contacts with his former
associates. Such a time scale is of the order of the 2-week scale found by
Bernard and Killworth (1975b) on an oceanographic ship.

VII. STABILITY OF SOLUTIONS

Since all initial configurations of X, Y, and § tend asymptotically to a
steady state as ¢ - oo, and since these states are, by definition, attainable, it is
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now time to examine the stability of such steady states. Methods of stability
analysis in the mathematical literature fall into two distinct categories. The
first of these is reserved for the unpleasantly usual case when the system of
dynamics cannot be solved at all, due to nonlinearities or other complexities.
It involves the construction of a “Liapunov function,” cf. La Salle and
Lefschetz (1961). This function, which bears a resemblance to potential
energy in dynamic systems, enables the investigator to examine various steady
states for stability without ever using the dynamical equations—in theory. It

has two major shortcomings: (a) Finding the Liapunov function is usually -

equally as difficult as solving the equations in the first place; and (b) There is
an implicit assumption that one actually knows where the steady solutions lie.
The preceding sections will have made the reader aware of how large these
shortcomings are.

The second method is the one more generally seen in the literature. It
again assumes that one knows something about the steady states but virtually
guarantees that the stability problem is simple (at least for discrete systems).
The method consists of writing every variable as (steady state solution plus
small perturbation) and then linearizing the dynamical equations about the
steady values. (Of course, had the system already been linear then the
problem was probably trivial anyway.) In the first-order problem here, one
obtains

E=RE, (30)

where £ is a vector of all the perturbations, and R is the square matrix
involving only the steady values and is thus independent of time. The solution
of Eq. (30) is well known and depends only on the eigenvalues of R.

Theorem

Equation (30) has asymptotically stable solutions only if all the
eigenvalues of R are negative. Otherwise, it is not asymptotically stable.

The linearization technique also suffers from some snags. It is certainly
true, from the above, that it finds asymptotically stable solutions. To know
that perturbations £ grow without limit (if one of the eigenvalues of R is
positive) tells one nothing about where the solution goes to. Another
possibility which frequently happens is that there are an infinite number of
neighboring solutions in “phase space,” the space whose axes are the
unknowns—here X, Y, and S. Then one of the eigenvalues of R is zero and
the others negative; and, in this case, the solution heads for the nearest steady
value and remains there. However, there are cases of instability where, for
various reasons, R has a zero eigenvalue also. Thus, one learns nothing in this
case either. The problem lies in the linearization—typically one should also
retain quadratic terms and even higher in £. This is usually a labor of love and
is done rather infrequently!

v



A MODEL OF HUMAN GROUP DYNAMICS 215

What can one say about the stability of our solutions? The first problem
is to produce some explicit solutions in sufficient detail to permit their study.
Sometimes this is straightforward. In what follows, the G; are agam ;omitted,
without affecting the results.

Theorem

The solution X; = Y; = 0, S; arbitrary, is asymptotically stable in X
and Y.

This theorem is hardly surprising, as it fits into one’s intuition. However,
the analysis of other steady states is more complicated. As an example,
consider a partial stability of the n-person symmetrical group considered
earlier, where the perturbations are limited to be symmetrical between
persons. We already know the solution to the stability problem by examina-
tion of Fig. 8b, but this example serves as a useful illustration. Then, denoting
X;; by X, Yy by Y, S; by S, the equations become (from Section V):

X=(n"2) YX (SX-1) E; @31
=-gS(n-1) (n-2) YX3 (SX-1) E; (32
Y = (uX-VF [X > 0 by supposition] , (33)

where E;; is now a constant, E, equal to (1 + X?). Equations (31){33) have
a steady solution X,, S,, Y,, only when (cf. Section V) X,S, = 1 and Y, =
1X,. The perturbation expansion proves easy, due to the symmetry. Put X =
X,+t&S8=8,+s Y=Y, +n. Then Eqs. (31)«33) yield:
é =(n-2)Y,EX, {Sog + Xos}; (34)
§=-0S, (n-D(n-2)Y,EX,2 (S, &+ X,58); (35)
and the equation for n is irrelevant for stability purposes, as it does not enter
Egs. (34) and (35). Dividing Eq. (35) by Eq. (34), as in Section V,

d = -
Eg_ o(n I)X S01 (36)
or
s + o(n-1)X,¢ = constant. 37

This tells us that (£, s) can only lie on the straight line (Eq. (37)) for all time.
All now depends on which of the lines (Eq. (37)) and

S,E+5X,=0 (38)

has the larger gradient; i.e., whether (n-1)0X,® > 1.
The two possibilities are detailed in Fig. 13:
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S
(a)
‘r\, )
.. perturbation ¢
A
“y new steady state
S, € + X,5=0 (steady line)
s+{n-1)G X,€=0
S
(b)
‘r‘\
- €
a0
se(A-1)T X £ =0

S, € +X, 520 (steady line)

Fig. 13. Phase-space diagram of S and ¢ over time. The origin is the original steady
state. Single arrow shows the perturbation of X (one may also perturb S). Dotted line
shows path taken in phase-space by solution. Cases are (a) (n-1) o Xg > 1 and (b) (n-1)
s X3 <1.

(a) (n-1)oX,> > 1. The gradient of the line in Eq. (37) is steeper than
that of Eq. (38), so the point (§ s) moves asymptotically toward a new
steady state “near” the origin. Hence, in this case, there is stability. This
region lies to the right of the point [o(n-1)]~!/3 in Fig. 8b, so we would
expect stability here. Note again that the higher o, the more likely is this case
to happen.

(b) (n-1)X,> < 1. The gradient of the line in Eq. (37) is shallower than
that of Eq. (38), so the point (£ 5) moves away from the origin. All that our
stability analysis can tell us is that this area is unstable. However, reference to
Fig. 8b again shows what happens. For positive ¢ perturbations, another
steady state is achieved which is not near the original one, but ir is
qualitatively the same as the original. For negative ¢ perturbations, which lie
to the left of X, = [a(n-1)]-1/3, X decreased to zero, and there is
(catastrophic) instability. For large n, this involves very small X, ; usually
qualitative stability holds.

One could, of course, tackle the stability of the symmetric group
directly, by means of the perturbation expansion outlined earlier. This
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involves finding the eigenvalues of an n?xn®> matrix (corresponding to
perturbations £, (i#/), and s;; the Y;; perturbations have no effect). However,
this is unnecessary. The analysis for symmetric perturbations shows that, in
general, at least one positive eigenvalue of R exists, with an eigenvector
corresponding to £; = £, 5; = 5. Since stability analysis can tell us no more
than the fact that the group is unstable, it is not necessary to pursue the
analysis further.

The foregoing should. be enough to demonstrate the difficulties of
stability analysis. We now quote a pseudotheorem which we believe to be
true.

Pseudotheorem (Based on Various Experiments)10

All steady states, except the all-zero case, are mathematically unstable,
although there are large areas of phase space (i.e., many possible perturba-
tions) which do not grow exponentially with time. These, experimentally, are
associated in the main with positive perturbations of X;;; a typical case was
given above. There are also areas of phase space in which the solution, while
being stable, achieves another steady state of a similar qualitative form (e.g.,
the all-positive group becomes a new all-positive group). Qualitatively, these
areas are stable also. The remaining area of phase space gives perturbations
which typically cause a decay towards zero in feelings to or from one person
or in part or all of the group. This area of catastrophic instability becomes
generally smaller with increasing group size. The time scale for catastrophic
instability seems very long, from numerical experiments.

If we accept this, it provides a partial explanation of the absence of
large-scale changes in the observations of a near-closed shipboard group by
Bernard and Killworth (1975b), following input from outside. Large-scale
morale changes were not, apparently, accompanied by gross structural changes
(in this case after rescheduling of port stops). In other words, there may have
been instability, but it occurred either too slowly to be observed, or it left a
structure which was qualitatively similar.

How should this theorem be interpreted? The answer reduces to two
problems. The first, inevitably, is the time scale of the instability process. In
most neutral systems there are dissipative mechanisms which, given time, can
remove the energy from a perturbation and render it stable. Our model is
essentially free of such dissipation, yet a real group is full of dissipative
phenomena: random external events (news, weather, etc.) occur frequently
and cause major or minor changes within the group. It is quite plausible that
instabilities can be rendered nonexistent if sufficient external forces act within

10These consisted of locating a steady state numerically and then introducing
small perturbations to the Xj;.
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the time that the instabilities would grow. Hence, all hangs on what the time
scale is. To reiterate: We do not know.

The second problem concerns the relevance of considering stability in
the first place. In a model in which steady states are reached in a finite time
(Hunter, 1974), it is necessary to be able to examine stability since one
explicitly has a base steady state. In this model, however, steady states are
only—usually—reached asymptotically as ¢ — oo. Thus, as steady states are
never achieved in a finite time, why should they be checked for stability? The
answer is simple. Sooner or later, all quantities will be within e, say, of their
steady values, where € is some small number. At that point, a perturbation of
order € will produce the same results as a perturbation of the final state. In
other words, it is perfectly valid to consider perturbing an asymptoting
solution which is still unsteady and vital, if a full understanding of a model is
to be achieved.

VIIL. DISCUSSION

Because group dynamics lack a reasonable theoretical background, it is
difficult to know how to compare models with reality. With a knowledge of
the physics of a situation, as we noted earlier, it is easy to see where one
could not expect a model to give valid results. But we do not even know the
physics to do this. As an example, consider that in the three dynamical
models to date (Rainio, 1966; Hunter, 1974; and the present model) a simple
time derivative d/dt was used whenever a quantity was changing. Why not
d?/dt* or some higher derivative? It is, after all, no argument to say that d/dt
is the simplest differential operator possible. Had Newton elected to use d
(distance)/dt in his second law, rather than d* (distance)/dt? simply because it
made the mathematics easier, it might have taken a 100 yr to sort out his
error.

The point of using a model as an investigative tool per se (rather than,
as in the physical sciences, a way of increasing comprehension) is to obtain
information which was not fed into the model a priori: information which can
be confirmed by comparison with the real world. As an'example, although
both Hunter’s and our model allowed for a pressure toward balance, our
steady states are not always balanced—a fact which gets, albeit weak,
confirmation from studies of real groups.

Thus, one important aim must be to test out our model with data.
Exactly how much agreement to expect from real data is a point which will
be dealt with in a later paper (Killworth and Bernard, in preparation).
Simultaneously, it is necessary to discover how the many constraints and
pressures existing on real groups can be parameterized into a model without
so overloading the model with free parameters that any desired result can be
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obtained. (There is a saying in the physical sciences: “Give me fifteen free
parameters and I will model the universe.”)

We included in the formulation of the model at least nine separate
entities. We believe that X;, Yy, S;, and F;, or quantities similar but not
identical to them, are undoubtedly necessary in any more advanced theory.
Conversely, the factors, 0;, G, Eij, 7v;, and o0;, while adding versimilitude, can
safely be neglected. We do not know whether this is in any way a reflection
on the real world or is an artifact of this model. Certainly the neglect of such
extraneous factors is a great simplification—after all, the preceding pages have
shown how complicated even the three-parameter (X, Y, and §) family of
solutions is. Does this suggest that the underlying physics of real groups
might, perhaps, at least statistically, be much simpler than has been supposed?
In particular, since all models to date have always achieved or tended toward
steady states, does this indicate that real groups would tend to steadiness if
external events did not create changes? This raises the possibility that the
sociogram, catij matrix, ranked preference data, etc., although they are at best
a blurred snapshot of a group, may turn out to be a better indicator of group
structure than they have any right to be.

APPENDIX
Proof of Main Theorem (Section VI)

If H has two elements, case (b) applies trivially. Hence we consider a
snowball of n elements, n > 2. The proof now following draws heavily upon a
theorem of Frobenius (1912) and terminology from Varga (1962). Define for
the purpose of this theorem that Xzx = 0. Then the steady version of Eq.
(10), neglecting Ejx; as usual, can be written

2 ap Xk1=o03 Xy i#1 if leH, (AD
keH

and
2 ajx Xim = Xim if méH, (A2)
keH

where matrices a and ¢ are defined by

= Yk Si Xix PR (|
aik TT,-,:_’ =1 E—Ylk - (A3)
k#i k#i

Both a and ¢ are n X n, defined on H only. Some points may be noted:
6] kE;& Yir # O from the definition of a snowball.
1

(ii) a; = 0 if X;x or Xy; are negative or zero, since Y;; = 0.
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(iii) az > 0 if Xy and Xg; > 0. a; can never be negative.
akg = 0.

(i) og=1if Yy =0.

() 0<oyg<1if Yg>0.

Points (ii) and (iii) imply that a is nonnegative. The assumption that H is a
snowball implied that H is strongly connected in the graph-theoretical sense,
which in turn means that a is irreducible. Whence (Frobenius, 1912) there
exists a largest positive eigenvalue A and an eigenvector 1;, all of whose
elements are strictly positive, such that

;CZ aix Yk = Mvi- (A9)

Further, no other eigenvalue possesses a strictly positive eigenvector. Now,
since the v; are nonzero, we may put

Xkl = Mg vk (AS)
for any / € H. Substituting in Eq. (A1), we have

% ik Bk Yk = O M Vi, @=L (A6)

Multiplying Eq. (A4) by o0 1; and subtracting this from Eq. (A6), we have
% aik Yk (e = O 1) = i o Wy (1-0), i (A7)

Amongst the pg, there is a minimum value, y;, say. If this minimum is
positive, then all the ug are positive and so, form'(AS), Xy, are positive also;
hence, H is completely connected. If y; is negative, then some (y; at least) of
the w; are negative; hence, some Xy; are negative, and H is not completely
connected. Which case applies depends on the size of A. We treat each in
turn.11

(a) A < 1. If y; is negative or zero in Eq. (A7), then Xj < 0 and so oy
= 1. Hence, the left-hand side of (A7) is the sum of positive quantities and is
thus positive. However, the right-hand side is negative, which is a contradic-
tion. Hence, p; is positive and H is completely connected. However, the
Frobenius theorem shows that there can be no nonzero Xi,,, m ¢ H, since by
Eq. (A2) this would have to be an eigenvector with eigenvalue unity which is
greater than A by supposition. Hence all the X, are zero.

(b) A = 1. Almost the same proof applies as in case (a) to show that H
is completely connected. However, Xx,,, m ¢ H can be nonzero; they are
simply proportional to the v; introduced above. Since all the v; are positive, it
follows that the Xi,, are either all positive or all negative. Hence H agrees
about each m ¢ H.

110ne of the ug (namely pplis known to be zero; but this does not enter the
calculation in any way.




A MODEL OF HUMAN GROUP DYNAMICS 221

(¢c) A > 1. If p is positive in Eq. (A7), then o5 < 1. Hence, the
left-hand side of (A7) is positive again. The right-hand side is negative,
however: a contradiction. Hence some u; are negative. Since H is strongly
connected, at least one of the ug are positive. Therefore, H is not completely
connected—indeed, there is no I ¢ H who is liked by all H. Also, Xg, méH,
if they are nonzero, are an eigenvector 'with value unity, so cannot all be
positive. Hence H disagrees about all m ¢ H, which completes the proof.
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